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SUMMARY

Geoelectrical monitoring surveys are used to detect temporal changes in the subsurface below unstable
slopes with the measurements repeated over an extended period. The positions of the electrodes are
measured at the start of the campaign and possibly at regular intervals. However, ground movements
sometimes occur between the times of the electrode positions measurements. For some data sets the
precise positions of the electrodes are not accurately known and have to be estimated from the resistivity
data. The smoothness-constrained least-squares optimization method is modified to include the electrode
positions as unknown parameters to be determined. The Jacobian matrices with the sensitivity of the
apparent resistivity measurements to changes in the electrode positions are required by the optimization
method. A fast adjoint-equation method to calculate the required Jacobian matrices is described. It is one
to two orders of magnitude faster than the perturbation method previously used. We also modify the
inversion routine by using the inversion model for the initial time-lapse data set (with known electrode
positions) as the starting model for the inversion of the later-time data sets. This greatly improves the
accuracy of the recovered electrode positions compared to the use of a homogeneous earth starting model.

Near Surface Geoscience
Turin, Italy, 6-10 September 2015

EAGE



NEAR SURFACE

GEOSCIENCE

Introduction

2-D and 3-D resistivity surveys are now widely used in archaeological, hydrology, geotechnical,
environmental and mineral exploration problems (Loke et al., 2011). Geoelectrical monitoring
surveys are used to detect temporal changes in the subsurface (Supper et al., 2014), such as the
monitoring of unstable slopes. The measurements are repeated a number of times. The electrode
positions are measured at the start of the campaign and possibly also at regular intervals. However,
ground movements sometimes occur between the times of electrode positions measurements. Also the
electrode positions might not be accurately known for some data sets. Thus is necessary to determine
the shifts in the electrode positions from the resistivity data itself (Wilkinson et al., 2015). A method
was presented by Kim (2014) where both the subsurface resistivity and electrodes positions are
unknown variables to be determined by the least-squares optimization method. In this paper, we
present a rapid method to determine the required Jacobian matrix of partial derivatives. We also
modify the inversion algorithm to use the inversion model from a previous time-lapse data set to
improve the accuracy of the estimated electrode positions.

Method
(a) A modification to the constrained least-squares optimization method

The smoothness-constrained least-squares optimization method is frequently used for 2-D and 3-D
inversion of resistivity data. The modified least-squares equation (Kim, 2014) where the electrode

ositions are included as unknown variables may be written as
T(}}Rd(;i +3,V'R,V|Aq, =G'R,g, ~1,V'R,Vq,, (1)
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The combined Jacobian matrix G consists of J (the model resistivity sensitivity values), X and Z (the
sensitivity values for the changes in the x and z electrode positions) matrices. A is a damping factor
vector and g is the data misfit vector. q is the model parameters vector consisting of r (model
resistivity) and x and z (electrode position) vectors. Ag; is the change in the model parameters. W is
the resistivity spatial roughness filter term. W, and Wy are the roughness filters for the electrode
position vectors. Rq and R, are weighting matrices used by the L1-norm inversion method (Loke et
al., 2003). o and S are the relative damping factor weights for the shifts in the electrode positions. A
homogeneous half space is commonly used as the starting model for the optimization algorithm. In a
time-lapse survey the initial positions of the electrodes are usually accurately measured, and can be
treated as fixed parameters in the inversion of the initial data set. The temporal changes in the
subsurface resistivity are usually much less than the spatial variations (Loke et al, 2014). Thus the
inversion model of the initial data set provides a good starting model for the later time data sets. We
modify the inversion algorithm to use the model from a previous survey as the starting model.

(b) A fast method to calculate the Jacobian matrix using the finite-element method
The potentials are calculated by solving the following finite-element capacitance matrix equation.
Ch=s 2)

@ is a vector with the potentials at the nodes of the mesh while s is the current source vector. C is the
capacitance matrix that contains the positions of the nodes and model conductivity values. The C
matrix is a symmetric sparse matrix with 9 non-zero sub-diagonals for 2-D linear quadrilateral
elements (27 for 3-D hexahedral elements). Kim (2014) used the perturbation method to calculate the
necessary partial derivatives for changes in the electrode positions. For example, a change in the x-
position of electrode number 2 is approximated by

%z¢f(x2+mz)_¢i(xz)_ 3)
Ox, Ax,
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For a survey line with e electrodes it will be necessary to calculate the potentials by resolving
equation (2) 2e times. While this is possible for 2-D problems, it becomes impractical for 3-D
problems where the forward modeling routine is about two to three orders of magnitude slower.
Furthermore, it is necessary to calculate the partial derivatives in 3 directions (x, y, z). We describe a
modification of the adjoint-equation approach (McGillivray and Oldenburg, 1990) to calculate the X
and Z Jacobian matrices. For example, by differentiating equation (2) with respect to z;, the derivative
of the potential values (6®/ oz, ) due to a shift in the z direction for the kth electrode is as follows.

c®__Cy ()
0z, 0z,
It is only necessary to calculate the non-zero terms in the 0C/0z, matrix as this equation has the

same form as (2). Figure 1 shows part of the 2-D finite-element mesh. A shift in the position of one
electrode (3) will only affect the nodes that lie between the adjacent electrodes (2 to 4). Thus the

0C/ 0z, matrix has a relatively small number of non-zero terms compared to the full C matrix. The

elements of the C matrix have the following form (Silvester and Ferrari, 1990).

CP‘] = kP‘I (x’ Z) O-J‘ (6)
where o; is the model cell conductivity. The function k,,(x,z) depends only on the coordinates of the
nodes at the corners of the quadrilateral element. The change in the coupling coefficients are
calculated numerically using a two-sided finite-difference formula as follows.
6cpq . kpq(x,zk +Azk)—kpq(x,zk _Azk)a.

0z, 2Az, /
The two-sided formula avoids the directional bias in a one-sided formula such as (3). The time
required to calculate the k,,(x,z) terms is negligible compared to resolving equation (2) as required by
the perturbation method. The partial derivative vector o®/¢z, values are calculated by multiplying

(7

the non-zero elements in the 0C/ 0z, matrix by the net potentials at the nodes due to current sources

at the positions of the current electrodes used in the measurement. The resulting vector is then
multiplied by the net potentials at the nodes due to current sources at the positions of the potential
electrodes. The required potentials are already available in the process of solving (2) to calculate the
apparent resistivity values. For a 2-D survey line with 50 electrodes, it is estimated that the adjoint-
equation method is about 44 times faster than the perturbation method.

Results

Figure 2a shows a synthetic model below a survey line with 31 electrodes with a uniform 1 m spacing
on a flat surface. Figure 2b shows the perturbed model with four changes. The electrode at the 5.0 m
mark is shifted 0.3 m. to the right. The electrode at the 17.0 m mark is shifted 0.4 m. upwards. A 70
ohm.m prism (depth of 1.0 m to the top) is added between the two existing prisms, and the 20 ohm.m
low resistivity prism is extended downwards by 0.73 m. The measured data consists of dipole-dipole
arrays with the 'a' dipole lengths ranging from 1 to 4 m., and the '»' factor ranging from 1 to 6. This
gives a total of 415 data points. Gaussian random noise (Zhou and Dahlin, 2003) with a mean
amplitude of 2.5 milliohm was added to the data before they were converted to apparent resistivity
values. The average noise level for the data set is about 1.0%. Figure 2 shows the inversion models
obtained assuming the electrodes are equally spaced on a flat surface. The model for the perturbed
data set has significant distortions (Figure 2b). We next carry out an inversion of the perturbed data
set using a homogeneous half space as the starting model. Initially the electrodes equally spaced but
they are allowed to shift during the inversion process. Figure 3 shows the models obtained using
different values for the relative damping factor weights (« and f) ranging from 1 to 100. The three
subsurface prisms are well resolved. The upwards spike of the surface at the 17 m mark is clearly
shown. However, there is a distortion in the surface profile over the high resistivity prism. This is
more clearly shown in the profile plots in Figure 4a. The inversion algorithm is not able to fully
distinguish between the effects of vertical shifts in the electrodes and an increase in the shallow
subsurface resistivity. The distortion of the surface profile is progressively reduced when the damping
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factor is increased, and almost completely eliminated with a relative damping factor of 100.0 (Kim,
2014). However, increasing the higher damping factor also decreases the spike in the elevation at the
electrode located at the 17 m. mark. Figure 5 shows the inversion results for the perturbed data set
when the inversion model for the initial data set (Figure 2a) is used as the starting model. The
distortions in the surface profile over the high resistivity block are eliminated. The most accurate
results are obtained with the smallest relative damping factor of 1.0 (Figures 4b).

Conclusions

A fast technique to calculate the Jacobian matrix values for shifts in the electrode positions using the
adjoint-equation method is presented. The use of the inversion model for the initial data set (with
known electrode positions) as the starting model for a later data set eliminates the distortions in the
profile caused by subsurface resistivity variations giving more accurate calculated electrode positions.
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Figure 1 The parts of a 2-D finite-element mesh affected by a shift in the position of electrode 3.
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Figure 2 The (a) initial and (b) perturbed synthetic test models with apparent resistivity
pseudosections and inversion models assuming a constant electrode spacing and flat surface.
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(a) Damping factor 1.0, data misift = 1.0% (b) Damping factor 9.0, data misift = 1.0%
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Figure 3 The inversion models for the perturbed data set using different relative damping factors for
the x and z coordinates of the electrodes, and a homogenous half space starting resistivity model.

—=— Actual profile

(a) Surface elevation profile with homogenous half-space starting model !
-« Damping factor 1.0

0.4 . AN Damping factor 9.0
5 [\ e Sel -+ Damping factor 36.0
= 0.2 . 0 20\ e Lo ~~._ -+ Damping factor 100.0
S P et EEE L P 1 1A\ = = P o R, R
20_0 =2 Y =3 L — ot //,’ o = -5 2= d=—g== 2=
|.u_0 ) EETI N
(b) Surface elevation profile with initial data set starting model - Actual profile

—~ Damping factor 1.0
0.4 Damping factor 9.0
So2 A ~ Damping factor 36.0
g - Damping factor 100.0
200 ————e— e AN }

o = N7
Vertical exaggeration = 8
Figure 4 The surface elevation profiles obtained using (a) a homogeneous half-space and (b) the
inversion model of the initial time-lapse data set as the starting model for the inversion routine.
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Figure 5 The inversion models for the second time-lapse data set using different relative damping
factors for the x and z coordinates of the electrodes. The model obtained from the inversion of the first
time-lapse data set was used as the starting resistivity model.
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